Abstract. For an oriented surface link F in R 4 , we consider a satellite construction of a surface link, called a 2-dimensional braid over F , which is in the form of a covering over F . We introduce the notion of an mchart on a surface diagram π(F ) ⊂ R 3 of F , which is a finite graph on π(F ) satisfying certain conditions and is an extended notion of an mchart on a 2-disk presenting a surface braid. A 2-dimensional braid over F is presented by an m-chart on π(F ). It is known that two surface links are equivalent if and only if their surface diagrams are related by a finite sequence of ambient isotopies of R 3 and local moves called Roseman moves. We show that Roseman moves for surface diagrams with m-charts can be well-defined.
Introduction
A surface link is the image of an embedding of a closed surface into the Euclidean 4-space R 4 . Two surface links are equivalent if one is carried to the other by an ambient isotopy of R 4 . A surface diagram of a surface link is its projected generic image in R 3 equipped with over/under information along each double point curve. It is known [18] that two surface links are equivalent if and only if their surface diagrams are related by a finite sequence of local moves called Roseman moves as illustrated in Fig. 1 .1, and ambient isotopies of the diagrams in R 3 .
In this paper, we assume that surface links are oriented. We consider a satellite construction of a surface link F , which is in the form of a covering over F . In order to describe this construction, we introduce the notion of a 2-dimensional braid over F , which is an extended notion of a 2-dimensional braid over a 2-disk. A 2-dimensional braid over a 2-disk or a closed surface has a graphical presentation called an m-chart. We extend this notion to the notion of an m-chart on a surface diagram, and we show that a 2-dimensional braid over F is presented by an m-chart on its surface diagram (Theorem 5.5). Our main aim is to show that Roseman moves for surface diagrams with m-charts can be well-defined, by adding several new local moves to the original Roseman moves (Theorem 6.2). By using these Roseman moves, we can show the following: For equivalent surface links F and F , any 2-dimensional braid over F can be deformed to the form of a 2-dimensional braid over F (Theorem 6.4).
The paper is organized as follows. In Section 2, we give the definition of 2-dimensional braids over a surface link. In Section 3, we review surface diagrams. In Section 4, we review chart description of 2-dimensional braids over a closed surface. In Section 5, we introduce the notion of an m-chart on a surface diagram and its presenting 2-dimensional braid, and we show Theorem 5.5. In Section 6, we introduce several new moves of Roseman moves for surface diagrams with m-charts, and on the assumption that Theorem 6.2 holds true, we show Theorem 6.4. In Section 7, we give several remarks. Section 8 is devoted to show Theorem 6.2.
Two-dimensional braids over a surface link
A 2-dimensional braid, which is also called a simple braided surface, over a 2-disk, is an analogous notion of a classical braid [7, 11, 19] . We can modify this notion to a 2-dimensional braid over a closed surface [16] . For a surface link F , we consider a closed surface embedded into R 4 preserving the braiding structure as a satellite with companion F ; see [1, Section 2.4.2]. We will call this a 2-dimensional braid over F .
Let Σ be a closed surface, let B 2 be a 2-disk, and let m be a positive integer. Definition 2.1. A closed surface S embedded in B 2 × Σ is called a 2-dimensional braid over Σ of degree m if it satisfies the following conditions:
(1) The restriction p| S : S → Σ is a branched covering map of degree m, where p : B 2 × Σ → Σ is the projection to the second factor.
Take a base point x 0 of Σ. Two 2-dimensional braids over Σ of degree m are equivalent if there is a fiber-preserving ambient isotopy of B 2 × Σ rel p −1 (x 0 ) which carries one to the other.
A trivial 2-dimensional braid is the product of m distinct interior points of B 2 and Σ in B 2 × Σ.
For a closed surface Σ, a surface link is said to be of type Σ when it is the image of an embedding of Σ. Let F be a surface link of type Σ, and let N (F ) be a tubular neighborhood of F in R 4 . Definition 2.2. Let S be a 2-dimensional braid over Σ in B 2 × Σ. Let f : B 2 × Σ → R 4 be an embedding so that f (B 2 × Σ) = N (F ). Then we call the image f (S) a 2-dimensional braid over F . We call F , S, and f the companion, pattern, and associated embedding of the 2-dimensional braid, respectively. We define the degree of f (S) as that of S.
LetS (resp.S ) be a 2-dimensional braid of degree m over a surface link F (resp. F ) of type Σ with pattern S (resp. S ) and the associated embedding f (resp. f ). Two 2-dimensional braidsS andS are equivalent if there is an ambient isotopy {g u } u∈[0,1] of R 4 which carries one to the other such that g 1 • f = f and S and S are equivalent.
When S is trivial, we call f (S) a trivial 2-dimensional braid.
Note that if, for surface links F and F , two 2-dimensional braids over them are equivalent, then F and F are equivalent surface links. Further, equivalent 2-dimensional braids are also equivalent surface links. Hence, the following proposition follows. Proposition 2.3. Let f (S) and f (S ) be 2-dimensional braids over a surface link F with the same associated embedding f : B 2 × Σ → N (F ) and with pattern S and S , respectively. If S and S are equivalent, then f (S) and f (S ) are equivalent both as 2-dimensional braids and as surface links.
From now on throughout the paper, when we say that "2-dimensional braids are equivalent", we mean in the sense of Definition 2.2 except when explicitly indicated otherwise.
A 2-dimensional braid f (S) over F is a specific satellite with pattern S and companion F ; see [1, Section 2.4.2], see also [14, Chapter 1] . Satellite constructions have been used for constructing knotted surfaces with desired properties for the fundamental groups G of the complement; see Litherland [15] for knotted surfaces with non-trivial H 2 (G), and Kanenobu [12] for knotted 2-spheres such that each group G is prime and has deficiency −n for a given positive integer n. A 2-dimensional braid over a surface link is an extended notion of cabling for knotted surfaces; for the study on cabling, see Kanenobu [13] (resp. Iwase [2, 3] ) for the case when the companion is a knotted sphere (resp. a standard torus), and Hirose [4] for higher genus cases. Kamada [5, 6] studied on a doubled surface, which is a satellite whose companion is a nonorientable surface.
Review of surface diagrams
We will review a surface diagram of a surface link F ; see [1] . For a projection π : R 4 → R 3 , the closure of the self-intersection set of π(F ) is a double point curve a triple point a branch point called the singularity set. Let π be a generic projection, i.e. the singularity set of the image π(F ) consists of double points, isolated triple points, and isolated branch points; see Fig. 3 .1. The closure of the singularity set forms a union of immersed arcs and loops, which we call double point curves.
Triple points (resp. branch points) form the intersection points (resp. the end points) of the double point curves. A surface diagram of F is the image π(F ) equipped with over/under information along each double point curve with respect to the projection direction. We denote the surface diagram by the same notation π(F ). A surface diagram π (S) of a 2-dimensional braid S over Σ in I × I × Σ for an interval I is defined likewise, where
Let S be a 2-dimensional braid over a surface link F . Throughout this paper, we consider the surface diagram of S by a projection π : R 4 → R 3 which is generic with respect to the companion F . Perturbing S if necessary, we can assume that π is also generic with respect to S. In particular, if the surface diagram π(F ) has no singularities, then by an ambient isotopy satisfying the conditions of equivalence of S, we can assume that F is standard, i.e. F is the boundary of a handlebody in R 3 × {0}. Then we assume that π projects N (F ) = I × I × F to I × F , where we identify N (F ) with I × I × F in such a way as follows. Since F is the boundary of a handlebody in R 3 × {0}, the normal bundle of F in R 3 × {0} is a trivial bundle. We identify it with I × F . Then we identify N (F ) with I × I × F , where the second I is an interval in the fourth axis of R 4 . In this case, we can identify π (S) with π(S).
Review of chart description of 2-dimensional braids over Σ
The graphical method called an m-chart on a 2-disk was introduced to present a surface braid which is a 2-dimensional braid over a 2-disk with trivial boundary condition [7, 11] . By regarding an m-chart on a 2-disk as drawn on a 2-sphere S 2 , it presents a 2-dimensional braid over S 2 [7, 11, 16] . These notions can be modified for m-charts on Σ [16] ; see also [11] . An mchart on Σ presents a 2-dimensional braid over Σ [16] .
We identify B 2 with I × I. When a 2-dimensional braid S over Σ is given, we obtain a graph on Σ, as follows. We can assume that the projection π : I × I × Σ → I × Σ is generic with respect to S. Then the singularity set Sing(π (S)) of π (S) consists of double point curves, triple points, and branch points. Moreover we can assume that the singular set of the image of Sing(π (S)) by the projection to Σ consists of a finite number of double points such that the preimages belong to double point curves of Sing(π (S)). Thus the image of Sing(π (S)) by the projection to Σ forms a finite graph Γ on Σ such that the degree of its vertex is either 1, 4 or 6. An edge of Γ corresponds to a double point curve, and a vertex of degree 1 (resp. 6) corresponds to a branch point (resp. a triple point).
For such a graph Γ obtained from a 2-dimensional braid S, we give orientations and labels to the edges of Γ, as follows. Let us consider a path l in Σ such that Γ ∩ l is a point P of an edge e of Γ. Then S ∩ π −1 (l) is a classical m-braid with one crossing in π −1 (l) such that P corresponds to the crossing of the m-braid. Let σ i (i ∈ {1, . . . , m − 1}, ∈ {+1, −1}) be the presentation of S ∩ π −1 (l). Then label the edge e by i, and moreover give e an orientation such that the normal vector of l coincides (resp. does not coincide) with the orientation of e if = +1 (resp. −1). We call such an oriented and labeled graph an m-chart of S.
In general, we define an m-chart on Σ as follows. (1) Every edge is oriented and labeled by an element of {1, 2, . . . , m−1}.
(2) Every vertex has degree 1, 4, or 6. (3) The adjacent edges around each vertex are oriented and labeled as shown in Fig. 4 .1, where we depict a vertex of degree 1 (resp. 6) by a black vertex (resp. a white vertex). An empty m-chart is an m-chart presented by an empty graph.
When an m-chart Γ on Σ is given, we can reconstruct a 2-dimensional braid S over Σ such that the original m-chart Γ is an m-chart of Σ; see [8, 11, 16] . A black vertex (resp. a white vertex) of Γ presents a branch point (resp. a triple point) of S.
For a surface link F whose surface diagram D has no singularities, a 2-dimensional braid over F is presented by an m-chart on D (see Section 3).
In order to define an m-chart on a surface diagram with singularities, we will define an m-chart Γ over a compact surface E with boundary, as follows: Γ is a graph which can be regarded asΓ ∩ E for an m-chartΓ on a closed surfaceẼ containing E such thatΓ ∩ ∂E are transverse intersections with edges ofΓ. A 2-dimensional braid over E presented by Γ is the surface S ∩ (B 2 × E), where S is a 2-dimensional braid in B 2 ×Ẽ presented byΓ.
Charts on surface diagrams and 2-dimensional braids
In this section, let F be a surface link and let D be a surface diagram of F . We define an m-chart on D and its presenting 2-dimensional braid over F . First, in Section 5.1, we define a 2-dimensional braid over F presented by an empty m-chart on D. Then in Section 5.2, we define an m-chart on D and its presenting 2-dimensional braid. We will show that any 2-dimensional braid over F is presented by an m-chart on D (Theorem 5.5).
5.
1. An empty m-chart on a surface diagram. A 2-dimensional braid is presented by a motion picture consisting of isotopic transformations and hyperbolic transformations. For a knotted surface (i.e. a properly embedded surface) S in a 4-ball, for simplicity of the argument, we assume that S is in R 4 . A motion picture of a knotted surface S ⊂ R 4 is a one-parameter family {π(S ∩ (R 3 × {t}))} t∈R , where π : R 4 → R 3 , (x, y, z, t) → (x, y, z), is the projection (see [11] ).
Let L be a classical link or knotted strings (i.e. a properly embedded strings) in a 3-ball. For simplicity of the argument, we assume that L is in R 3 . For an ambient isotopy {h t } t∈[0,1] of R 3 rel ∂L, we have an isotopy (a one-parameter family) {h t (L)} of classical links or knotted strings. We say that h 1 (L) is obtained from L by an isotopic transformation, and we use the notation that L → h 1 (L) is an isotopic transformation (see [11, Section 9 .1]). When {h t (L)} is an isotopy of classical braids, we will say that L → h 1 (L) is a braid isotopic transformation.
For a classical link or knotted strings L, a 2-disk B in R 3 is called a band attaching to L if L ∩ B is a pair of disjoint arcs in ∂B. For mutually disjoint bands B 1 , . . . , B n attaching to L, putting B = B 1 ∪ · · · ∪ B n , we define a new classical link or knotted strings h(L; B) by the closure of (L ∪ ∂B) − (L ∩ B), where we take the closure as a subset of R 3 . We say that h(L; B) is obtained from L by a hyperbolic transformation along the bands B 1 , . . . , B n , and we use the notation that L→h(L; B) is a hyperbolic transformation (see [11, Section 9 .1]).
Let σ 1 , σ 2 , . . . be the standard generators of the classical braid group. Let us take the 2m-braids as follows:
Note that ∆ (resp. ∆ ) is the 2m-braid obtained from an m-braid with a half twist by adding m trivial strings before (resp. after) it. (3) A surface with a motion picture (3-1) σ 1→ e 2 or (3-2) e 2→ σ 1 , wherė → is a hyperbolic transformation along a band corresponding to the crossing of the 2-braid σ 1 , and e 2 denotes the trivial 2-braid. We define the 2-dimensional braid over F presented by D equipped with an empty m-chart as a surface defined locally for such local parts of D, as follows.
(1) Parallel m copies of E. 
where → is a braid isotopic transformation and→ is a hyperbolic transformation along bands corresponding to the m σ m 's for the 2m-braid, and e 2m denotes the trivial 2m-braid. (3-2) A surface presented by a motion picture which is the inverse of (3-1). We construct a 2-dimensional braid over F , as follows. Since the surface diagram is oriented, we can extend the construction over the complement of small disks each of which is a neighborhood of a triple point. Since the boundary of each of these disks presents the closure of a classical 2m-braid which is equivalent to the trivial 2m-braid, we can extend the construction over the disks by pasting 2m disks over each disk. Thus we extend the construction over the whole surface link. Proof. It suffices to show that the construction of the 2-dimensional braid is unique up to equivalence. The ambiguity comes from the braid isotopic transformations constructing the surfaces around double point curves and around triple points of D. These surfaces can be regarded as 2-dimensional braids over a 2-disk E. It is known (see [1, Theorem 1.34], [19] ) that for 2-dimensional braids on E of the same degree and with no branch points, they are equivalent if the boundaries are the same. Hence the construction is unique up to equivalence. Proof. Since an empty m-chart on D presents a trivial 2-dimensional braid over F , the result follows. We remark that we can perturb the 2-dimensional braid so that its presenting m-chart on D satisfies the condition (2) of Definition 5.3. We call them of type Ω.
We give the proof in Section 8. Theorem 6.2 implies the following corollary. Theorem 6.4. For equivalent surface links F and F , any 2-dimensional braid over F can be deformed by equivalence to the form of a 2-dimensional braid over F .
For a surface link F , the braid index of F , denoted by Braid(F ), is the minimum number of degree of a 2-dimensional braid over the standard S 2 which is equivalent to F as a surface link. We remark that this invariant exists for any surface link, since we assume that surface links are oriented and any oriented surface link can be presented in the form of a 2-dimensional braid over the standard S 2 [9] . The following corollary follows from Theorem 6.4.
Corollary 6.5. For a 2-dimensional braid S over a surface link F of degree m, we have Braid(S) ≤ m · Braid(F ), where we regard S as a surface link.
We will call the Roseman moves as illustrated in Figs. 1.1 and 6 .1 the moves of type R and Ω, respectively.
Proof of Theorem 6.4. Since F and F are equivalent, their surface diagrams are related by a finite sequence of ambient isotopies of R 3 and Roseman moves of type R. Hence it suffices to show that considering the surface diagrams indicated by the moves of type R, for each pair of moves, one surface diagram E equipped with any m-chart Γ is related by Roseman moves of type R and Ω to the other diagram with some m-chart, and further the presented 2-dimensional braids are equivalent. The first part can be shown, since we can assume that Γ is an empty m-chart by moving the edges and vertices of Γ out of E by applying the moves of type Ω. Theorem 6.2 asserts the equivalence of the presented 2-dimensional braids.
7. Remarks 7.1. In this paper, we do not treat C-moves, but we can add "C-moves" after "Roseman moves" in Theorem 6.3. Two m-charts on a 2-disk E are Cmove equivalent if they are related by a finite sequence of ambient isotopies of E rel ∂E and CI, CII, CIII-moves [7, 11] ; see [11] for the precise definition and the illustrations of the moves. Two 2-dimensional braids over E of degree m are equivalent if and only if m-charts are C-move equivalent; see [7, 8, 10, 11] .
7.2. In [17] , we considered a surface link called a torus-covering link. A torus-covering link is a 2-dimensional braid over a standard torus T , and hence it is presented by an m-chart on T ; see [16, 17] . In [17] , we showed an explicit method to deform a torus-covering link by ambient isotopies to the form of a 2-dimensional braid over the standard 2-sphere. In the proof, we described the equivalent deformation of knotted surfaces by using motion picture method. We gave a rather long explanation to describe the deformation and illustrate equivalent surfaces, since we regarded each surface F as a one-parameter family of slices of F by 3-spaces R 3 × {t} (t ∈ R). Now that we have Roseman moves for surface diagrams with mcharts, we can provide a much simpler proof of this result [17, Theorem 3.2] . Further, we remark that Corollary 6.5 in this paper is a generalization of [17, Corollary 4.1].
Well-definedness of Roseman moves
This section is devoted to show Theorem 6.2. We denote Roseman moves of type R as illustrated in Fig. 1 .1 by R-(i) (i = 1, . . . , 7), and we denote the Roseman moves of type Ω as illustrated in Fig. 6.1 by Ω-(i) (i = 1, . . . , 6), as indicated in the figures.
Proof of Theorem 6.2. It is known [20] that the Roseman move R-(2) is constructed from R-(1) and R- (4) . Hence it suffices to show that the 2-dimensional braids presented by R-(i) for i = 2 and Ω-(j) (i = 1, . . . , 7, j = 1, . . . , 6) are equivalent. The cases for R- (1), Ω-(1), and R-(6) are shown by Lemmas 8.1, 8.2, and 8.3, respectively.
The other cases are shown as follows. By an ambient isotopy of R 3 , we can assume that the surface diagrams are in the form of 2-dimensional braids over a 2-disk E. Then, the presented surfaces are also in the form of 2-dimensional braids over E. It is known (see [1, Theorem 1 .34], [11] ) that for m-charts on E with exactly one black vertices, or, for such m-charts with no black vertex, the presented 2-dimensional braids over E are equivalent if the boundaries are the same. Hence we can see the well-definedness for these cases. Proof. We give a sketch of a proof by illustrating figures. Details are left to the reader; see [17] for a similar argument. By definition of the 2-dimensional braid presented by an empty m-chart, the 2-dimensional braid presented by an empty m-chart on the diagram indicated by the upper figure of R-(1) in Fig. 1.1 has the motion picture as in Fig. 8.1 . (There seem to be two types, but one is transformed to the other by rotating the diagram around the vertical axis by π.) By ambient isotopies, we can deform the surface to the form presented by the motion picture as in Fig. 8.2 , and then to the form as in Fig. 8.3 . For the resulting surface S, we can assume that the disks at t = ±2 are branch points. We denote each picture of the motion picture of S by S t , and we assume that S t is in a 3-space R 3 × {t}. Remark 5.6) and carries N (l) to N (l ). By this ambient isotopy, we can relate the presented 2-dimensional braids, and hence, they are equivalent. Lemma 8.3. Empty m-charts on the diagrams indicated by Roseman move R-(6) present equivalent 2-dimensional braids.
Proof. Let us denote by E 1 (resp. E 2 ) the surface diagram with an m-chart presenting a connected surface without the branch point (resp. with the branch point) in the upper figure of R-(6) in Fig. 1.1 , and let us denote by E 1 (resp. E 2 ) the surface diagram with an m-chart in the lower figure which is deformed from E 1 (resp. E 2 ). Let us pick up E i (resp. E i ) (i = 1, 2) separately; note that there appear edges of an m-chart without black vertices around the curve l (resp. l ) which was the intersection of E 1 and E 2 (resp. E 1 and E 2 ). We denote by S i and S i (i = 1, 2) the 2-dimensional braids presented by the m-charts on E i and E i , respectively.
Since the 2-dimensional braid presented by the upper figure (resp. lower figure) of R-(6) are the split union of S 1 and S 2 (S 1 and S 2 ), it suffices to show that S i and S i are equivalent for i = 1, 2. Since S 1 and S 1 are 2-dimensional braids over a 2-disk with no branch points and the boundaries are the same, by the same argument as in the proof of Theorem 6.2, S 1 and S 1 are equivalent.
It remains to show that S 2 and S 2 are equivalent. Consider a partial 2-dimensional braid S ⊂ S 2 presented by a partial diagram E ⊂ E 2 around l , such that E is a surface diagram of an embedded 2-disk whose singularities consists of one double point curve and which contains all the edges and vertices of the m-chart on E 2 . Since the surface presented by E can be deformed by an ambient isotopy of R 4 to have no singularities, we can regard S as a 2-dimensional braid over a 2-disk. Hence, by the same argument as in the proof of Theorem 6.2, we can see that S is equivalent to the one presented by an m-chart on E without black vertices and with the same boundaries. Hence S 2 is equivalent to the surface presented by an m-chart on E 2 consisting of several parallel edges around l . Since the m-chart on E 2 consists of several parallel edges around l, and the boundaries of the mcharts on E 2 and E 2 are the same, one diagram with the m-chart is deformed to the other by applying Ω-(1) several times. By Lemma 8.2, the presented 2-dimensional braids are equivalent.
